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Abstract 

In this work, we consider prevention and inhibition of foams in packed columns through 

systematic studies of the stability of fluid dynamic processes in simplified channels. For the 

analytical analysis, we consider liquids that are initially stationary in a channel. Then a localized 

quasistatic perturbation normal to the interface is applied and the stability of the interface is 

analyzed. We also consider the case of a liquid flowing in a channel and calculate the surface 

profiles in dependence on the flow rate. Finally, we compare the results with experiments. 

Introduction 

The utility of packed columns stems from their ability to efficiently exchange matter between a 
gas and a liquid phase. Applications include extraction, absorption, distillation, and 
rectification, [Billet and Schultes 1999]. Foams can be detrimental in industrial treatment and 
production plants and can even cause their failure. Therefore, avoiding, inhibiting, as well as 
actively destructing foams is under active research [Winterburn et al. 2009, Rodríguez et al. 
2010, Anderl et al. 2014, Gallego-Juárez et al. 2015, Vaidya et al. 2016, McHardy et al. 2018, 
Thünnesen et al. 2019, Gatternig et al. 2019]. In this work, we consider geometrical surfaces 
in which the process of bubble formation cannot exist or is strongly inhibited and present the 
flow characteristics in the channels, studied theoretical and experimentally. 

The perturbation of the liquid interface in the normal direction has been shown to be one of the 
causes of bubbles, and hence, foam formation, [Wei et al. 2017]. To study this process 
analytically, we consider liquids that are initially stationary in a channel. We then apply a 
localized quasistatic perturbation normal to the interface and consider its stability. The criterion 
for the stability of the initial surface is based on the variational approach [Roy and Schwartz 
1999]. For the stability of the final configuration we focus on the breakup into droplets as such 
instability may also cause bubble entrapment, e.g. by collisions [Tran et al. 2013]. We use the 
conditions for the non-existence of droplets developed by Concus et al. [Concus et al. 2001, 
Han et al. 2019]. 

Channels with triangular cross-sections often appear in packed columns [Olenberg et al. 2018]. 
The flow in channels with triangular cross-sections was first treated semi-analytically by 
Sparrow [Sparrow 1962]. This method was recently applied to the case where one side is a 
free surface, imposing no-shear stress boundary conditions [Almazán et al. 2019]. Here we 
derive improved free surface profiles and compare with experimental data.  
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For the measurements, we perform a systematic experimental study of a liquid flow in 
triangular channels for various channel opening angles, channel inclinations and flow rates. 
The interface profiles at a representative cross-section are obtained by means of optical image 
analysis with the help of Laser sheets.  
 

Stability of the interface  

 

The studied channel is considered horizontal and its length is assumed much larger than its 
characteristic width. The initial resting fluid forms a characteristic concave meniscus due to the 

constant contact angle 𝛾 with the walls. The Bond number 𝐵𝑜 = (𝜌𝑙−𝜌𝑔)𝑔∆ℎ
2/𝜎 is assumed 

to be much smaller than 1, where 𝜌𝑙 and 𝜌𝑔 are the densities of the liquid and gas phases, 𝑔 

is the gravity, 𝜎 the surface tension and ∆ℎ the characteristic length of the interface. Hence, 
the surface can be approximated as cylindrical. For the purposes of calculation, we will 
consider a section of the channel of length L, as shown in Figure 1. 
 
The stability of this kind of surface to infinitesimal perturbations has been considered previously 

[Roy and Schwartz 1999]. A stability condition 
𝑑𝑝

𝑑𝐴
> 0 was derived, where 𝑝 is the pressure 

corresponding to the meniscus of the liquid (positive for convex and negative for concave 

surface, with liquid designating the interior) and 𝐴 is the cross-sectional area of the liquid on 

the yz plane. As 
𝑑𝑝

𝑑𝐴
> 0 for concave surfaces in triangular channels, it follows that the surfaces 

are stable to infinitely small perturbations. Therefore, as initial surfaces subjected to a 
perturbation, we consider only the concave profile. For a given contact angle 𝛾 the surfaces 

are concave for 
𝛼

2
+ 𝛾 < 𝜋/2, where 𝛼 is the channel opening angle measured from wall to wall. 

 
 

 

Figure 1: Initial state of the liquid in a triangular channel. 

 

The liquid flowing in a channel inside of a packed column may be subjected to a variety of 

perturbations, such as air flow over its free surface. The velocity of the liquid can also act as a 

perturbation at the liquid-gas interface, depending on its magnitude. Hence, although the 

surface itself is stable, a finite-magnitude perturbation may destabilize it, which can lead to 

formation of bubbles and foam. Therefore, in the present analysis a perturbation normal to the 

surface is applied. The amount of energy ∆𝐸 needed to reach an unstable configuration is then 

calculated. This energy is used as a measure of the stability of the surface. 

 

Figure 2(a) shows the initial configuration of the studied channel. The perturbation is assumed 

to be uniformly applied as a plane along the 𝑥-direction of the channel in the geometrical middle 

at 𝑦 = 0. Such choice of perturbation allows an analytical description. We considered other 

types of perturbations, e.g. a point like disturbance, but we did not find an analytical solution. 

Initially, the plane is outside of the liquid. As the plane moves into the liquid the surface will 

deform as shown in Figure 2(b). For the case when the contact angle formed with the 

perturbing plane is smaller than 90° the interface will deform, even before the plane enters into 

the fluid. Once the plane enters the liquid, Figure 2(c), the free surface shows a constant 
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contact angle 𝜙 with it. In the final configuration, the plane is pushed until the bottom of the 

channel. The cross-sectional area A of the liquid remains constant. 

 

The stability of the final configuration, Figure 2(c) can be analyzed with the help of the condition 

where droplets cannot exist in the channel if 𝛾 + 𝜙 + 𝛼/2 < 𝜋 [Concus et al. 2001]. The critical 

angle formed by the perturbing plane is that when the interface exhibit a perfect flat surface, 

i.e. when 𝛾 + 𝜙 +
𝛼

2
= 𝜋, the sum of the internal angles in a triangle. With this critical 

configuration, we can find the energy needed to reach the critical state for instability. 

 

 
Figure 2: Deformation of the interface subjected to a perturbing plane P. 

 

 
Figure 3 : The lengths of the interfaces in the initial stable state (a) and the final critical state (b).  

 

Due to symmetry, we consider only half channels. The Figure 3(a) shows the initial 

configuration, while the Figure 3(b) shows the final stage. The change in energy between 

configurations (a) and (b) in Figure 3 can be approximated by 

 

Δ𝐸1/2 = 𝜎Δ𝑆𝑙𝑔 + (𝜎𝑤𝑙 − 𝜎𝑤𝑔)Δ𝑆𝑤𝑙 + (𝜎𝑝𝑙 − 𝜎𝑝𝑔)Δ𝑆𝑝𝑙, 

 

where subscript 1/2 refers to the half of the channel (Δ𝐸 = 2Δ𝐸1/2), 𝜎 is the surface energy, 𝑆 

is the interface area. Subscripts 𝑤, 𝑙, 𝑔 and 𝑝 indicate wall, liquid, gas, and plane, respectively. 

Pairs of indices indicate an interface, e.g 𝑤𝑙 is the interface between the wall and the liquid. 

Exception is 𝜎 without a subscript that corresponds to liquid-gas surface tension. The previous 

equation can be rewritten with the help of the Young relation, 

 

Δ𝐸1/2 = 𝜎𝐿(Δ𝑙𝑙𝑔 − cos(𝛾) Δ𝑙𝑤𝑙 − cos(𝜙)𝑙𝑝𝑙) 
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where Δ𝑙𝑙𝑔 = 𝑙𝑙𝑔,𝑓 − 𝑙𝑙𝑔,𝑖, Δ𝑙𝑤𝑙 = 𝑙𝑤𝑙,𝑓 − 𝑙𝑤𝑙,𝑖 with quantities 𝑙 with subscripts as in Figure 3. The 

equation can be written in a non-dimensional way as follows: 

 

Δ𝐸1/2 = 𝜎𝐿𝐴1/2(Δ𝑙𝑙𝑔
∗ − cos(𝛾) Δ𝑙𝑤𝑙

∗ − cos(𝜙)𝑙𝑝𝑙
∗ ) 

 

where * indicates that a length is divided by 𝐴1/2, which in this case is the total cross-sectional 

area of the liquid. 

 

To calculate the lengths (as a general symbol we use 𝑙) in Figure 3, we first find the 

dependence 𝐴(𝑙, 𝛼, 𝛾). We then invert those relations to obtain 𝑙(𝐴, 𝛼, 𝛾), and then substitute 

those expressions into the expression for the change in energy. The quantities are as follows: 

 

𝑙𝑙𝑔,𝑖 = 𝐴1/2√
𝛿2

sin(𝛿) (cos(𝛿) + sin(𝛿) cot (
𝛼
2
)) − 𝛿

 

 

𝑙𝑙𝑔,𝑓 = 𝐴1/2√
2

2sin2(θ) cot (
α
2) − sin(2θ)

 

 

𝑙𝑤𝑙,𝑖 = 𝐴1/2
√

2

(cos(𝛼/2) + sin(𝛼/2)cot(𝛿)) sin (
𝛼
2
) −

sin2(
𝛼
2
)

sin2(𝛿)
𝛿

 

 

𝑙𝑤𝑙,𝑓 = 𝐴1/2√
2

sin(𝛼) − 2sin2(𝛼/2)cot(𝜃)
 

 

𝑙𝑝𝑙 = 𝐴1/2√
1

sin(𝛼/2) (cos (
𝛼
2) + sin(𝛼/2)cot(𝛾))

 

 

where 𝛿 =
𝜋

2
− (𝛾 + 𝛼/2) and 𝜃 = 𝛾 + 𝛼/2.  

 

We now use the dependence of the energy needed to destabilize the interface to evaluate how 

stable is the original, unperturbed, surface. Figure 4 shows the dependence of the non-

dimensionalized ∆𝐸 on the system properties 𝛼 and 𝛾. From Figure 4 one can observe that the 

curves for smaller contact angles (𝛾 = 1°, 𝛾 = 10°)are above the ones for larger angles, 

regardless of the channel opening (𝛼). Hence, the reduction of contact angle improves stability 

of the interface. As the channel opening angle reaches its maximal possible value for a given 

contact angle, 𝛼 = 𝜋 − 2𝛾, in order for the initial surface to be stable, the energy for 

destabilization tends to zero regardless of the contact angle. Finally, for the decreasing 

channel opening angle the energy increases indicating a more stable interface. 
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Figure 4: Dependence of energy needed to reach the boundary of the non-existence on the system 
properties. 

 

Relation between flow rate and interface profile 

 

We now consider the liquid flowing in a channel from Figure 1, but with an inclination 𝛽 with 

the horizontal. We assume again that the gravity does weakly influence the surface profile, that 

is, the Bond number is much smaller than 1. In this case the interface profile is almost 

cylindrical, attached to the channel walls with a defined contact angle. The cross-sectional 

area, and therefore the interface profile is then determined by the flow rate 𝑄. We now calculate 

the flow rate by finding the velocity profile. 

 

For a flow in a triangular channel with fully-developed and laminar flow the Navier-Stokes 

equation reduces to [Sparrow 1962, Almazán et al. 2019]  

  

∆𝑢 =
𝜌𝑔 sin𝛽

𝜇
 

 

where 𝑢 is the velocity of the liquid along the channel, 𝑔 is the gravitational acceleration and 𝜇 

is the viscosity. For this case, we use a polar coordinate system, where 𝜉 is the polar angle of 

the channel with 𝑟 = 0 corresponding to the intersection of the walls. By using the separation 

of variables, the solution can be expanded, and together with no slip boundaries at the walls 

𝜉 = ±𝛼/2 gives [Sparrow 1962, Almazán et al. 2019] 

 

 

𝑢 =
𝜌𝑔 sin𝛽

𝜇

𝑟2

4
(1 −

cos(2𝜉)

cos(𝛼)
) +∑𝐴𝑛𝑟

2𝑛−1
𝛼 cos

2𝑛 − 1

𝛼
𝜉.

𝑛≥1

 

 

The coefficients 𝐴𝑛 are found from the no-shear stress condition at the liquid-gas interface. 

The condition is observed in a number of points 𝑛𝑝. Assuming trucation of the series such that 

𝑛 = 𝑛𝑓 is the largest 𝑛 in the expansion, and with 𝑛𝑝 = 𝑛𝑓 the boundary condition at the 

interface becomes a 𝑛𝑝 ×𝑛𝑝 linear system of equations for the coefficients 𝐴𝑛. Here, we use 

an overdetermined system 𝑛𝑝 > 𝑛𝑓, and find the optimal coefficients.  
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For a given surface of the liquid the velocity profile is calculated and the volume flow rate is  

 

𝑄 = ∫ 𝑢𝑑𝑠
𝐴

 

 

where 𝑑𝑠 is the element of the cross-sectional area. As in the experiments, the flow rate is the 

controlled parameter and the position of the interface profile is not known in advance, we vary 

the interface profile until the predicted flow rate matches the value used in the experiments. 

 

 
 

Figure 5: (a) Experimental setup, (b) recorded image of the cross section and (c) the extracted cross 

section. 

 

Additionally, we performed experimental measurements of water flowing in an inclined channel 

and compare the final liquid interface profile at a specific cross-section with the theory. The 

side walls of the channel were of Plexiglas. The channel has a length of 50 cm and is inclined 

𝛽 = 10°. Two channels with opening angles of 15° and 30° were used for flow rates of Q =

1.67cm3/s, Q = 3.33cm3/s and Q = 5cm3/s. The interface profile was obtained by shining a 

laser sheet through the cross section of the liquid. The cross section was made visible by 

adding Rhodamine 6G fluorescent dye to distilled water as seen in Figure 5(a). Images were 

taken of the cross section and the surface profile was extracted as seen in Figures 5(b) and 

(c). The height of the pictures was adjusted to compensate the camera angle. The cross-

section for the measurements was located  5 cm from the channel exit. For each flow rate and 

channel opening angle 3 measurements were conducted and the results were averaged. 

Figure 6 shows the interface profiles predicted theoretically compared with those from the 

measurements for both opening angles of the channel and different flow rates and 𝛽 = 10°. 

The temperature was assumed to be 22℃. The water viscosity used for the theoretical 

calculations was 9.55 × 10−4Pa ∙ s. The contact angle for the theory was measured from the 

experiments and found to be of 57°. 
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Figure 6: Comparison of the experimentally measured interface profile (black lines), with the predicted 

interface by the theory (blue lines). Thinner black lines indicate channel walls. The top row corresponds 

to the channel opening angle of 30°, while bottom to 15°. For (a) and (d) Q = 1.67cm3/s, (b) and (e) 

Q = 3.33cm3/s, and (c) and (f) Q = 5cm3/s. The channel inclination was 𝛽 = 10°. 

 

For the channel opening angle of 30° we can observe a relatively good agreement between 

the theory and experiments, especially at low flow rates. On the other hand, for the channel 

with opening angle of 15° there are noticeable deviations between the results. This can be 

attributed to significant flow fluctuations observed in the experiments. Although the cross-

section for the measurements was chosen as far as possible from the inlet to ensure fully-

developed flow conditions, the flow was not completely developed. The channel might be too 

short to create fully-developed flow conditions. Additionally, we also observed some non-

negligible flow fluctuations between measurements for the same 𝛼 and 𝑄. This might be 

caused by contact angle hysteresis that induces infinitesimal instabilities in the flow. 

Nevertheless, we observed a good overall agreement between the theoretical solution and 

experiments. 

 

Conclusions and remarks 

 

In the first part we have analyzed the stability of a static fluid in a triangular channel. We 

calculated analytically the required energy of a localized perturbation to destabilize an initially 

stable fluid interface. We found that for both smaller contact angles and channel opening 

angles the energy for destabilization is larger than for larger contact and opening channel 

angles, indicating that such interfaces may contribute to prevent bubbles, and hence possible 

foam formation. This method may also be extended to the case with flow in the channel, 

however analytical predictions of stability in cases with flow are still subject of research. 

 

In the second part, we predicted theoretically the interface of a fully-developed, steady flow in 

a triangular channel subjected to an inclination for different flow rates. The predictions were 

compared with experimental results for similar flow channels considering water. Although there 

are some deviations between the results caused by induced flow instabilities and 

unsteadiness, we found a good overall agreement between the theory and experiments. 
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